Abstract. In this paper, we introduce strongly large submodules and investigate their properties. A submodule N of a right R-module M is said to be strongly large in case for any m ∈ M , s ∈ R with ms ̸ = 0 there exists an r ∈ R such that mr ∈ N and mrs ̸ = 0. In this note, we also define and study strongly large closed submodules and strongly large complement submodules.
Introduction
It is well-known that the concept of large submodule in an R-module M due to Johnson [4] , named by Eckman and Schopf In section 2, we introduce the concept of strongly large extensions, and give some properties of such modules. In section 3, we study strongly singular submodules of a given module and then we define strongly singular modules. In section 4, we deal with strongly large closed submodules (SLclosed, for short) and strongly large complement (or simply, SL-complement) submodules. We study the conditions for which the property of strongly large extensions goes from modules to factor modules over SL-closed submodules. We show that every SL-complement submodule is SL-closed, and give an example showing that the converse is not true in general. In section 5, we compare the notions of strongly largeness and strongly essentiality concepts. The strongly essentiality is defined and investigated in [5] . We present by examples that there is no coincidence between strongly large submodules and strongly essential submodules.
Throughout all rings have an identity and all modules are unital. In what follows, by Z, Q, Z n and Z/nZ we denote, respectively, integers, rational numbers, the ring of integers modulo n and the Z-module of integers modulo n. For unexplained concepts and notations, we refer the reader to [1] .
Strongly large submodules
In this section we introduce and investigate some properties of strongly large submodules. We start with the following definition to strengthen the concept of largeness of submodules of a given module. Every strongly large submodule of a module is always large, but the converse need not be true in general. 
, it is obvious that N 1 is large in N 2 . On the other hand 
5.
For each m ∈ M , mR ∩ N is a strongly large submodule of mR.
Proof.
(1) ⇒ (2) and (2) ⇒ (3) are obvious. (3) ⇒ (4) Let ms ∈ mR and I be a right ideal of R such that (ms)I ̸ = 0. Suppose 0 ̸ = (ms)t ∈ (ms)I for some t ∈ I. By assumption, there exists r ∈ R such that msr ∈ N and msrt ̸ = 0. Since
Let R be a commutative ring with unity, and S the set of nonzero divisors of R, R S the total quotient ring of R. Let M be a unitary R-module and T = {t ∈ S : tm = 0 for some m ∈ M implies m = 0}. Then T is a multiplicatively closed subset of S. For any submodule N of M , let
We give some examples to show that strongly large submodules are in abundance.
Example 2.5. (1) Invertible submodules of modules over integral domains are strongly large. In particular, nonzero dense submodules of a faithful multiplication module are also strongly large [2, Proposition 3.4] .
, the R-
and s ∈ R with ms ̸ = 0, there exists r = Sufficiency. It is obvious from Proposition 2. Proof. Necessity is obvious. Sufficiency. Let m ∈ M and s ∈ R with ms ̸ = 0. Since K is strongly large in M , we have r ∈ R with mr ∈ K and mrs ̸ = 0. Since N is strongly large in K, by Lemma 2.7, we have m(m −1 N ) is strongly large in m(m −1 K), and hence there exists t ∈ R such that mrt ∈ N and mrts ̸ = 0. Therefore N is strongly large in M . } and the
On the other hand there is no r ∈ R with mr ∈ A and
Hence A is not a strongly large submodule of B 1 .
It follows from induction and by Lemma 2.9. Arbitrary intersection of strongly large submodules need not be strongly large.
Example 2.12. Consider Z as a Z-module. Let A n = nZ and B n = Z for all n ∈ N. Although A n is strongly large in B n for each n ∈ N, ∩ ∞ n=1 A n = 0 is not strongly large in
13. Homomorphic images of strongly large submodules need not be strongly large. For example, consider the natural epimorphism θ : Z −→ Z/6Z as a Z-module, it is known that 2Z is strongly large in Z, but θ(2Z) is not strongly large in Z/6Z. 
It is known that for any homomorphism
is a large submodule of M . Unfortunately, this is not the case when we deal with strongly large extensions. By the help of the following proposition, if K is strongly large in N and f is a monomorphism, then we show that f −1 (K) is also strongly large in M . 
Proof. Let m ∈ M/K, and s ∈ R with ms nonzero in
is faithful, which is a contradiction. Therefore there exists r ∈ R such that mr ∈ N ∩ (mR + K) and mrs / ∈ K, i.e., there exists r ∈ R with mr ∈ N/K and mrs ̸ = 0. Hence N/K is strongly large in M/K.
Let M be an R-module. M is said to satisfy condition (*) in case of, for each 0 ̸ = m ∈ M and r 1 , r 2 ∈ R, if r i ̸ ∈ r R (m) for some i = 1, 2 and
Proposition 2.21. (1) Every faithful prime module satisfies the condition ( * ). (2) Every free module over a domain satisfies the condition ( * ). (3) Every ring with no nonzero divisors of zero satisfies the condition ( * ).
Proof. ( We now present an example to show that the sum of strongly large submodules need not be strongly large. Since r R (m) ≤ I, this follows that rdr 1 ∈ I. And so I is strongly large in R R . ( It is known that if K is a large submodule of a module M , then M/K is singular. But this statement is not true when we deal with strongly large extensions.
Strongly singular modules
Example 3.7. Let F be a field. Consider the subring
with componentwise addition and multiplication and the submodule
It can be seen easily that I is strongly large in R. Let
and let j be the first nonzero component of x. Then
Since r R (x) is not large in R, then r R (x) is not strongly large in R. So x / ∈ Z S (R/I) and R/I is not a strongly singular R-module.
Proposition 3.8. Let M be an R-module with the condition ( * ). If K is a strongly large submodule of M , then M/K is a strongly singular R-module.

Proof. Let m ∈ M/K and r, s ∈ R with rs ̸ = 0. If mr /
∈ K, consider the following cases:
(i) Assume that mrs ̸ = 0. Then there exists r 1 ∈ R such that (mr)r 1 ∈ K and (mr)r 1 s ̸ = 0 due to strongly largeness of K.
(ii) Assume that mrs = 0. Since r / ∈ r R (m) and s ̸ = 0, by the condition (*) there exists r 2 ∈ R such that mrr 2 s ̸ = 0. There exists r 3 ∈ R such that (mrr 2 )r 3 ∈ K and (mrr 2 )r 3 s ̸ = 0 due to strongly largeness of K. So rr 2 r 3 ∈ r R (m) and rr 2 r 3 s ̸ = 0. Thus r R (m) is a strongly large right ideal of R.
The converse of Proposition 3.8 can easily fail. Let n be a positive integer and M = Z/nZ. Then M is strongly singular as a Z-module since every nonzero submodule of Z is strongly large. Let N denote the zero submodule of M . M/N is strongly singular but N is not strongly large in M .
SL-closed submodules and SL-complement submodules
In this section we define and study SL-closed and SL-complement submodules. 
Lemma 4.7. Let N be a submodule of a module M . Then the union of any chain of SL-extensions of N is an SL-extensions of N in M .
Proof. Let {L α } α∈Λ be a family of submodules of M with N is strongly large in L α for each α ∈ Λ. Let x ∈ ∪ α∈Λ L α and I be a right ideal of R such that xI ̸ = 0, hence x ∈ L α for some α ∈ Λ. Since N is strongly large in L α , we have that
Theorem 4.8. Every submodule N of a module M is contained in an SL-closed submodule K of M in which N is strongly large.
Proof. Let N be a submodule of M , and let ℜ = {L ≤ M : N is strongly large in L}. Order ℜ by inclusion, then by Lemma 4.7, ℜ is inductive, and hence by Zorn's Lemma ℜ has a maximal element K. By Lemma 2.8, K is SL-closed in M .
Proposition 4.9. Let M be an R-module and N be an SL-closed submodule of
Proof. Let L be a strongly large extension of N ∩ K in K. We show that N is strongly large in N + L. Let n ∈ N , l ∈ L and s ∈ R with (n + l)s ̸ = 0. Since K is strongly large in M , there exists r ∈ R such that (n + l)r ∈ K and (n + l)rs ̸ = 0. So nr ∈ N ∩ K, and hence (n + l)r ∈ L with (n + l)rs 
On the other hand (
(2) ⇒ (1) Let m ∈ M/K and s ∈ R with ms ̸ = 0. It is clear that ms / ∈ K. Then ms ̸ = 0, there exists r ∈ R such that mr ∈ N and mrs ̸ = 0 because of strongly largeness of N in M . Now if each r ∈ R with 0 ̸ = mrs ∈ N implies that mrs
∈ K, we have by (2) that Rs ≤ m −1 K, and hence s ∈ m −1 K. This shows that ms = 0, which is a contradiction. Therefore there exists r ∈ R such that mr ∈ N and mrs / ∈ K, i.e., mrs ̸ = 0. This completes the proof. 
N/K is strongly large in
Definition 4.14. Let N, N ′ be submodules of a module M with N ∩
Example 4.15. Consider the ring
It is clear that every SL-complement is SL-closed, while there are modules in which SL-closed submodules need not be SL-complements. is not strongly large in M . This also shows that N = pZ is an SL-closed submodule of Z p 2 , which is not an SL-complement in Z p 2 .
Proposition 4.17. Let N and L be submodules of a module M with
Proof. Clear from definition of SL-complements. 
Proof. Let H ≤ M with X ≤ H and H
and
Then we have our claim. It is clear that M is a strongly large extension of (C + B) ⊕ B ′ . By the maximality of B, we have C + B = B and so C ≤ B. 
Proof. In the proof of Proposition 4.27, we have A ⊕ C is strongly large in M 1 . Let N ≤ M 1 with C ≤ N and A ⊕ N is strongly large in M 1 . By Lemma 2.8, we have that A ⊕ N ⊕ M 2 is strongly large in M . So N ⊕ M 2 = C ⊕ M 2 by the maximality of C ⊕ M 2 . Thus N = C. Therefore C is an SL-complement of A in M 1 from the Theorem 4.18.
Strongly largeness versus strongly essentiality
It is known by Lemma 2.22 that the largeness forces the strongly largeness in any module which satisfy the condition (*). So we can say that every large submodule of a faithful prime module is strongly large, and every large submodule of a free module over a domain is strongly large. In [5] , a strong version of largeness is introduced. A submodule N of an R-module M is called strongly essential in M if for any nonzero subset X of M , there exists r ∈ R such that 0 ̸ = Xr ⊆ N . In this section, we investigate modules in which whether large submodules, strongly large submodules and strongly essential submodules coincide or not. Proof. Let I be a nonzero ideal of a prime ring R. It is clear that I is an essential right ideal of R. Let r, s ∈ R with rs ̸ = 0. Then rR ∩ I is a nonzero right ideal. Since R is prime, (rR ∩ I)(sR) ̸ = 0. So there exists x ∈ rR ∩ I such that xs ̸ = 0. Since x ∈ rR, there exists a ∈ R such that x = ra. Therefore ra ∈ I and ras ̸ = 0.
Proposition 5.7. Let M be a prime R-module. Then essentiality implies strongly largeness in M .
Proof. Let N be an essential submodule of M , and m ∈ M , s ∈ R with ms ̸ = 0. So there exists r ∈ R with 0 ̸ = mr ∈ N . Since M is prime, mrRs ̸ = 0. Thus we have t ∈ R such that mrt ∈ N and mrts ̸ = 0. Now we give some examples to show that the notion of strongly essentiality and strongly largeness are distinct from each other. 
